Abstract. A quantum Capelli identity is given on the multiparameter quantum general linear group based on the (pij, u)-condition. The multiparameter quantum Pfaffian of the (pij, u)-quantum group is also introduced and the transformation under the congruent action is given. Generalization to the multiparameter hyper-Pfaffian and relationship with the quantum minors are also investigated.
Introduction
In the study of quantum groups, multiparameter quantum groups and quantum enveloping algebras were considered along the line of one-parameter quantum groups [23, 22, 19, 3, 4] and have been a source for further developments. It was known that several of their important properties are similar to the one-parameter analog, for example, Artin-Schelter-Tate [1] showed that the multiparameter general linear quantum group has the same Hilbert function for the polynomial functions in n 2 variables under the socalled (p, λ)-condition (see (2.1) or (p, u)-condition in our notation). Further results have been established for two-parameter and multi-parameter quantum groups [21, 2, 8, 14, 11] such as the multiparameter quantum determinant, which converts quantum semigroups into quantum groups. Recently it is known that the quantum Pfaffians can be extended to two-parameter quantum groups as well [13] .
In this paper, we study the generalization of the classical action of GL n (C) × GL n (C) on the ring of differential operators P(M n (C)), which provides a complete set of generators for the center of U(gl n (C)). This problem has been an inspiring example in the classical invariant theory [24] and offers one context for the celebrated Capelli identity and Howe's dual MSC (2010) : Primary: 17B37; Secondary: 58A17, 15A75, 15B33, 15A15. Keywords: multiparameter quantum groups, q-determinants, quasi-center, Capelli identity, qPfaffians, q-hyper-Pfaffians Supported by NSFC (11531004), Fapesp (2015/05927-0) and Humboldt Foundation. *Corresponding author. 1 pairs [9] . The quantum Capelli identity for Yangians was first given in [17] and has played an important role in the development of the Yangian algebra Y (gl n ) [16] . The quantum analog for the quantum general linear group was established in [18] using Jimbo's central element in U q (gl n ).
As an interesting application of the multiparameter quantum determinant, we formulate a generalized Capelli identity on the multiparameter general linear group GL p,u (n) by constructing a quasi-central element in the dual algebra U p,u (gl n ) using the fusion method. The specialization of the Capelli identity at equal parameters p ij = u matches with the quantum Capelli identity given in [18] . We also generalize our recent study of quantum Pfaffians from two-parameter quantum groups to the multiparameter case.
Using the general construction of Faddeev-Reshetikhin-Takhtajan [5, 20] , we construct a pair of Hopf algebras to deform GL n and U(gl n ) for a multiparameter R-matrix. Our main technique is to use quadratic algebras [16] to study quantum determinants and quantum Pfaffians, and express them as the scaling constants of quantum differential forms (cf. [12] ). In particular, we prove that the multiparameter quantum Pfaffian can be defined for a more general class of multiparameter quantum matrices and derive an identity between the quantum determinant and Pfaffian. Moreover, we give the integrality property for multiparameter quantum Pfaffian under the (p ij , u)-conditions.
We also formulate the multiparameter quantum determinants in terms of the quasideterminant of the generating matrix. Generalizing the one-form and two-form, we obtain higher degree analogs of the multiparameter Pfaffians and establish the transformation rule of the multiparameter quantum hyper-Pfaffian under the quantum determinant, which extends the fundamental transformation rule of Pfaffians in linear algebra.
The paper is organized as follows. In section two, we introduce the multiparameter quantum general linear group GL p,u (n) via the generalized quantum Yang-Baxter R-matrix and quantum determinant. We include the details of multiparameter quantum determinant for latter generalization. In section three, we formulate the quasideterminant version of GL p,u (n). In section four we define the dual Hopf algebra U p,u (gl n ) and factorize the matrix of the quantum root vectors by that of quantum partial derivatives. Using a special quasi-central element of U p,u (gl n ), we derive the quantum Capelli identity in the multiparameter setting. In section five, we introduce the notion of multiparameter quantum Pfaffian and establish its integrality under (p ij , u)-condition and obtain the fundamental transformation formula relating the quantum Pfaffian and determinant. Finally in section six, we study the multiparameter higher quantum Pfaffians using q-forms.
2. The multiparameter quantum general linear group GL p,u (n) Let (p ij , q ij ) (i < j) and u be parameters satisfying the following condition [1] :
For convenience, we also add p ij , q ij for i ≥ j so that
The multiparameter R matrix in End(C n ⊗ C n ) ≃ End(C n ) ⊗2 is given as:
where e ij are the standard basis elements of End(C n ). The R matrix satisfies the well-known Yang-Baxter equation:
where R ij ∈ End(C n ⊗ C n ⊗ C n ) acts on the ith and jth copies of C n as R does on C n ⊗ C n . Note that it specializes to the two-parameter case with p ij = s, q ij = r −1 and u = s r up to an overall constant [11] . In particular, the one-parameter case corresponds to p ij = q ij = u = q [10] .
Let C x 1 , . . . , x n be the free algebra generated by x i , 1 ≤ i ≤ n, and P the permutation operator on C n ⊗ C n defined by P (w ⊗ v) = v ⊗ w, w, v ∈ C n . We define the R-matrices R ± associated with R by R + = P RP , R − = R −1 . Explicitly
Following the general idea of the FRT construction [5] , we introduce M p,u (n) as the unital associative algebra generated by t ij , 1 ≤ i, j ≤ n subject to the quadratic relations defined in End(C n ⊗ C n ) ⊗ M p,u (n) by
where T = (t ij ), T 1 = T ⊗ I, and T 2 = I ⊗ T . These relations can be expressed explicitly as follows:
where i < j and k < l. The algebra M p,u (n) has a bialgebra structure under
and the counit given by ε(t ij ) = δ ij , the Kronecker symbol. The coproduct can be written simply as ∆(T ) = T⊗T . This version of quantum semigroup generalizes the two-parameter quantum case of [23] .
For any permutation σ in S n , the q-inversion associated to the parameters q ij is defined as
where l(σ) = |{(i, j)|i < j, σ i > σ j }| is the classical inversion number of σ. The p-inversion number is defined similarly. In this paper, we use the v-based quantum number defined by (2.12) [n]
We define the quantum row-determinant and column-determinant of T as follows.
The first property we show is that both are group-like elements:
To see this we use two multi-parameter quantum exterior algebras associated to the parameters p ij and q ij . Set R = P R, and for a polynomial f (t) ∈ C[t] we denote by I f,l the two-sided ideal generated by the relation
becomes a left M p,u (n)-comodule [5] under the structural map µ l : C f,l (X) → M p,u (n)⊗C f,l (X) by µ l (X) = T⊗X, where⊗ means the composition of tensor product with matrix product, explicitly
Similarly we denote by I f,r the two-sided ideal generated by the relation
The quotient algebra C f,r (Y ) = C y 1 , . . . , y n /I f,r has a right comodule structure under the map µ r :
Theorem 2.1. In the bialgebra M p,u (n), one has that
Proof. Let f = R+u −1 . It is easy to see that the relations of Λ q (X) := C f,l (X) are given by
where T i 1 ...it j 1 ...jt refers to the r × r-submatrix formed by the rows and columns of the top and lower indices. Similarly
In particular, if t = n, one has that
Consider the following linear element
. . , ∂ n ) T , and consider the following elements:
On the other hand, Φ can be rewritten as Φ =
which implies that rdet(T ) = cdet(T ).
Due to this identity, from now on, we will define the multiparameter quantum determinant for the quantum group as (2.27)
For a pair of t indices i 1 , . . . , i t and j 1 , . . . , j t , we define the quantum row-minor ξ (2.27 ). Like the determinant, the quantum row minor row also equals to the quantum column minor for any pairs of ordered indices 1 i 1 < · · · < i t n and 1 j 1 < · · · < j t n, which justifies the notation.
For any t indices i 1 , . . . , i t
where the sum runs through all indices 1 j 1 < · · · < j t n. This implies that det q (T i 1 ...it j 1 ...jt ) = 0 whenever there are two identical rows. As δ i 's obey the relations (2.16)-(2.19), for any t-shuffle σ ∈ S n : 1 σ 1 < · · · < σ t , σ t+1 < · · · < σ n n, one has that
Note that x j 's also satisfy the same relations. This then implies the following Laplace expansion by invoking (2.28): for each fixed t-shuffle σ 1 < · · · < σ t , σ t+1 < · · · < σ n , one has that
where the sum runs through all t-shuffles α ∈ S n such that α 1 < · · · < α t , α t+1 < · · · < α n . The Laplace expansion generalizes the one-parameter formula given by [7] . In particular, for fixed i, k
whereî means the indices 1, . . . , i − 1, i + 1, . . . , n for brevity. As for the quantum (column) determinant or column-minor, the corresponding Laplace expansion for a fixed r-shuffle (τ 1 . . . τ n ) of n such that
where the sum runs through all r-shuffles β ∈ S n such that
In particular, we have that for fixed i, k
be the matrices with entries in M p,u (n) defined by
It follows from the Laplace expansion that
is a regular element in the bialgebra M p,u (n), therefore we can define the localization M p,u (n)[det q −1 ], which will be denoted as GL p,u (n) and called the multiparameter quantum group corresponding to GL n (C). In fact, Theorem 2.2 gives the following identity:
By defining the antipode (2.38)
the bialgebra GL p,u (n) becomes a Hopf algebra, thus a quantum group in the sense of Drinfeld. In fact, the second equation follows from (2.37). Therefore, T S(T ) = S(T )T = I by the Laplace expansions. Subsequently
Quasideterminants
In this section we will work with the ring of fractions of noncommutative elements. First of all let us recall some basic facts about quasideterminants. Let X be the set of n 2 elements x ij , 1 ≤ i, j ≤ n. For convenience, we also use X to denote the matrix (x ij ) over the ring generated by x ij .
Denote by F (X) the free division ring generated by 0, 1, x ij , 1 ≤ i, j ≤ n. It is well-known that the matrix X = (x ij ) is an invertible element over F (X) [6] .
Let I, J be two finite subsets of cardinality k ≤ n inside {1, . . . , n}. Following [6] , we introduce the notion of quasiderminant.
Definition 3.1. For i ∈ I, j ∈ J, the (i, j)-th quasideterminant |X| ij is the following element of F (X):
When n ≥ 2, and let X ij be the (n − 1) × (n − 1)-matrix obtained from X by deleting the ith row and jth column. In general X i 1 ···ir,j 1 ···jr denotes the submatrix obtained from X by deleting the i 1 , · · · , i r -th rows, and i 1 , · · · , i r -th columns. Then
where the sum runs over i ′ / ∈ I \ {i}, j ′ / ∈ J \ {j}.
Theorem 3.2. In the ring of fractions of elements of M p,u (n), one has that
and the quasi-minors on the right-hand side commute with each other. More generally, for two permutations σ and τ of S n , one has that
Proof. By definition the quasi-determinants of T are inverses of the entries of the antipode S(T ),
By induction on the size of the matrix T , one sees that (3.1) and (3.2) hold. It follows from (2.36) that det q (T {1,...,s}{1,...,s} ) and det q (T {1,...,t}{1,...,t} ) commute for 1 ≤ s, t ≤ n − 1. Any factor on the right hand side of (3.1) can be expressed as det q (T {1,...,s}{1,...,s} )det q (T {1,...,s+1}{1,...,s+1} ) −1 multiplied by a scalar, therefore they commute with each other.
Multi-parameter quantum algebras
In this section we study the algebra U (R) = U p,u (gl n ) as the dual Hopf algebra of GL p,u (n). Following [5, 20] , U (R) is defined as the associative algebra generated by l
where
is a Hopf algebra with the coproduct, counit and antipode given by
There is a unique pairing of Hopf algebras
In terms of generators, the pairing is given by
The pairing is extended to the whole algebra as follows: for any a, b
It is easy to see that
The elements of U (R) can be viewed as linear functionals on GL p,u (n) in a canonical method. If V is a right GL p,u (n)-comodule (resp. left GL p,u (n)-comodule) with the structure map
for all a ∈ U (R) and v ∈ V . Thus
So the action on the generators is given by
Similarly the right action of U (R) is given by
Moreover the action on det q (T ) is as follows:
For the spectral parameter λ, we introduce the R-matrix R(λ) = λR + − λ −1 R − , which satisfies the Yang-Baxter equation:
Then the commutation relations (4.1) and (4.2) can be combined into one:
As U (R) acts on the quantum group from both sides, we will adopt the following convention to distinguish the actions. For any element a of U (R) or U p,u (gl n ), we denote by a and a o its action from the left and right respectively when viewed as operators.
In particular, we consider the left (right) action of the elements l ± ij on GL p,u (n). Mimicking the classical action of GL n (C)×GL n (C) on the algebra of polynomial functions P(M n (C)), we introduce the following special linear operator L(λ)S(T ) • ∈ End(GL p,u (n)). Explicitly its action on any φ ∈ GL p,u (n) is given by
The components of L(λ)S(T ) • behave similarly as the classical differential operators
. Similarly, one can also consider the operator S(T )L(λ) • . It turns out that these two operators are the same.
Proposition 4.1. For any spectral parameter λ, the following identity holds over 
Proof. The identity (4.34) means that for any ϕ ∈ GL p,u (n),
Multiplying T to both sides of (4.37), the identity becomes the following one:
or equivalently, T L ± .ϕ = ϕ.L ± T on GL p,u (n). This latter identity can be shown as follows. For the generators t ij , by the action of L ± (4.16)-(4.17) we have that
The validity of (4.38) in general follows from the coproduct. In fact for any two elements ϕ, ψ ∈ GL p,u (n), it follows from the action of L ± that Set R(λ) = P R(λ). Then the Yang-baxter equation (4.31) is equivalent to the braid relation
Correspondingly the defining relation (4.32) can be written as
We introduce the antisymmetrizers inductively as follows. Let s 2 = R 12 (u −1 ), and iteratively define that
We denote by A (n) the normalized antisymmetrizer:
The following lemma can be verified by induction. 
Lemma 4.3. One has the identity (4.45)
where M = (M ij ) ∈ End(C n ) is a diagonal matrix such that
Proof. The first equality follows from the Yang-Baxter equation. Since for any σ ∈ S n
it is enough to prove that
Note that R 01 (x)e i ⊗e i = (xu−x −1 u −1 )e i ⊗e i and R 0n (xu −(n−1) ) · · · R 02 (xu −1 ) fix the first component. The only vector not annihilated by A (n) is e i ⊗ e i ⊗ e 1 ⊗ · · ·ê i ⊗ · · · ⊗ e n , and the coefficient is M ii (x).
Theorem 4.4. Let z(x) be the following element of U p,u (gl n ):
Proof. It follows from (4.32), Lemma 4.2 and Lemma 4.3 that
Taking partial trace Tr 12...n on both sides, we obtain that
Recall that the quantum p-exterior algebra Λ n (Y ) is generated by y 1 , . . . , y n subject to the relations Y t 1 Y t 2 ( R + u −1 ) = 0 or explicitly y 2 i = 0, (4.50)
We consider the following elements η j , ζ
Then the equations (4.52)-(4.53) can be written as
Proposition 4.5. For the elements η j , ζ j (λ), the following commutation relations hold:
Proof. Using the variables ζ i (λ) to form the vector Z(λ) = (ζ 1 (λ), . . . , ζ n (λ)) t , we can write the first two relations as
Note that H = (η 1 , . . . , η n ) t , the last relation is rewritten as
We can show the relation easily as follows.
Recalling the defining relation, we have that
This completes the proof.
Up to a scalar, z(x) can be written as follows:
This latter element will be denoted by c(x). Then
By Proposition 4.5, c(x) • can be simplified as follows:
is expressed as an element in the quantum exterior algebra.
Theorem 4.6 (Generalized quantum Capelli identity). On the multiparameter quantum group GL p,u (n) one has the following generalization of the classical Capelli identity:
Proof. Using the commutation relation (4.59) of η j and ξ i (λ), we have that
On the other hand, by (4.64) this is equal to y 1 · · · y n ⊗ d(xu n−1 ), which completes the proof. and for the spectral parameter x, denote γ k,s (x) = xα s k − x −1 β s k , s ∈ N. Corollary 4.7. For each s ∈ N one has that
Proof. Note that
Applying both sides of the Capelli identity to det q (T ) s , we obtain the formula.
Multiparameter quantum Pfaffians
Definition 5.1. Let B = (b ij ) be an 2n × 2n square p-antisymmetric matrix with noncommutative entries such that b ji = −p ij b ij , i < j. The multiparameter quantum q-Pfaffian is defined by
where p = (p ij ), q = (q ij ), i < j, and the sum runs through the set Π of permutations σ of 2n such that σ(2i − 1) < σ(2i), i = 1, . . . , n.
Note that the parameters q ij and p ij satisfy the (p, u) condition: p ij q ij = u.
where the sum is taken over all subsets I = {i 1 · · · i 2t |i 1 < · · · < i 2t } of [1, 2n] , and
Proof. Let Ω = i<j b ij x i x j , where
On the other hand,
It is easy to see that x I x J vanishes unless J = I c . Therefore
Thus we conclude that
be the p-antisymmetric matrix such that b ji = −p ij b ij , i < j, and assume that the entries of B commute with those of a (p, u)-matrix T = (t ij ) 1≤i,j≤2n . Let C = T t BT . Then Proof. We first check that c ij also form anti-symmetric matrix. We compute that
where we recall that X = (x 1 , . . . , x n ) t and x i ∈ Λ q (x). Explicitly we have that Ω = 1≤i,j≤n c ij
On the other hand, let
As T⊗X = (ω 1 , . . . , ω 2n ) t , one has that
Subsequently we have proved that
The following column analog is clear.
Remark 5.4. Let B be any matrix with entries b ij , 1 ≤ i, j ≤ 2n commuting with a ij and b ji = −q ij b ij , i < j. Let C = T BT t . Then c ji = −q ij c ij , i < j and Pf p (C) = det q (T )Pf p (B).
We define the quadratic elements z l ij and z r ij , 1 ≤ i, j ≤ n as follows: Let A l (resp. A r ) be the subalgebra generated by z l ij (z r ij ). Since ∆(z l ij ) = s<t z l st ⊗ ξ st ij , ∆(z r ij ) = s<t ξ ij st ⊗ z r st , A l (resp. A r ) is left(resp. right) submodule of GL p,u (n) . It is clear that Pf q (z l ) (resp. Pf p (z r )) is annihilated by all l 
Multiparameter quantum hyper-Pfaffians
We now generalize the notion of the quantum multiparameter Pfaffian to the quantum hyper-Pfaffian. A hypermatrix A = (A i 1 ···in ) is an array of entries indexed by several indices, while a matrix is indexed by two indices. 
